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AI2FSt2|0] SEA ...

o solved.ac2| LIO| = A|AE] H22 AW ZC Za{E|yd, ClO|o}, 2H|
oF H

o O Z 7t2 Of2{2 E|0jQ 2| — '0| YT2|Z 'O BISH 28| 102K S B 4 U

24 Ed A

16046 B Rainbow Graph
3836 B Coin Collecting
18517 B Pick Your Own Nim
18588 B Milk Candy

22930 B The King's Guards
18890 Bseollal

21727 Botxslel o

23052 gsez

24899 B DCMSF

23342 BICPC Kingdom
28012 ©LaLa and Spirit Summoning
30968 B Blume der Liebe
30926 guel
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What is matroid?

o Matroid: MatrixOflA{ THYE| CHOj2, HIE{BZI0|M 2] Ut SS ULISHA|ZI £330l
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What is matroid?

e Matroid: MatrixOf| A IHHEl CHO{ =, BIE{Z7H0|AM 2| YAt SES LUtatAlZI a4l
L=
o TI2HZ O|E, dhtlsst, ZE, A8 2 Chfet 0l M S8
=

= — O
o 5120 m40| o1

OF ZO|M & OJEZ0| 0| 25t A 22y

5
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What is matroid?

2z

o J2HZ O F, ddtlirst, Y=, A2 52 Cie Z0MiM S&
o 50| w0f Ao ZOF %OHHE OHEZ0|=0f et 27t ZAY

o BIEZ0|S T2 3% - J2|0) Y12IF 42

5
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What is matroid?

e Matroid: MatrixOf|A] IHHEl THO{ 2, HIE{ Z 70| A2 Yz} S8 AUBISIA|Z] £5HA 9l
S

o el O|F, dteh ZBE, A E 59| Lot E0M0iM S&

o 5{F0| w0l ¢4 Z0F SO|AM = OHEZ0[E0| et A+ ZAY

o HER0|E 72 95 — J2i0| YT2lZ A

o DHEZ0|E Wz} 5 Z0] 0219 20|= 2A|IE Cier AlZh 20f| 3 20| 7ts5t=S 5=
2etst =

5
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HE=Z0|=9] A9

Ofeliet 22 =S U=st= 728 HEZ0|=E= FO[SICt.

Definition (OHEZ0|=2| Z9J)
8t/ S, HEYEZ T C 250 Cf5toq
Q@ (I1)heZ
@ (2)YCXeTI=YeTl

@ (IB)X,YET, [X|<|Y|=IyeY\X:XU{yleT
QJo| M| RAS BtZ5H= M(S,T)S OHERZ0|=2f 5Hf. 0|t SE Background Set, T2/

2|40l RIS Independent SetO[2f SFCF.

Ct =010 20l= 219 Zo7t L2 & e 7

—

L"
(=2
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DjEZ0|=9| I3

o SO| P = EERSE2 Independent 5tHLt, Dependent St A2 2 LiL| =04, 02

Independent ot 29| 0| matroidO|C}.

°o 5, 75 Y= tidl So o FE 0| IndependentdHA| S TESIE "7 22
dze 4 UCH
Cl

o £, O7tQ| definitionOf| A [I1], [12]2F Bt=510{ & Independence SystemO|2t1! SHC.

o 5, [13]0] BHEZ0|=9| 3y Ql Helefil = 4+ ATt

(recall) OHEZ0|=29| H 9|
e (B X, YeI [ X|<|Y|=3FyeY\X: XU{y}tel
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OHEZ0[|=2| oj|A]

CHEAQI &= 712|9] O|AIE &3l BHEZ0|=2| 7iES Olstis 24t

1. Linear Matroid 2. Graphic Matroid
(Mool "M =&) (22iE 0|20 M 2] "acyclic’)

?1o| & 72| oAl DHEZO|E0M AE L= S0t AV U=, 7+ 2842 of|A|O|Ct.

5
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Of|A] 1: Linear Matroid

e Background Set (S): O{™
e Independent Sets (Z): S2|

A S X7t

o
=

=&O[tt (0)

=3}

gﬁ
tH, Xu{y}= M

Ofl M

| A& CH AL} Tt vl

Zto)
7t =4

o (13) X, Y7t M
_g_ (@]

LHr

L

o)
ol

Hey4

A
i

.|
)
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0J|A| 2: Graphic Matroid

(acyclic) =2 2¢.

e Background Set (S): O 12X G = (V
e Independent Sets (7): EQ| 224 S AIO|E= %ci ‘d5t2| =
(S, ForestE O|F= ZHd &gl
Za| =ol
o (11) 3T 02 AtO|Z0| giCt. (0)
o (12) MO 20| gle ¢ el B2 E5t At0|20] 8iLt. (0)
stole Ik AYBHRIS 9Tt

o (13) ..
° 7\|:L77|-7\|°| Ol Al2t= E2|, Graphic matroidOf|A{ (13)2]
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Graphic matroidd|A (13)2] SH

Proof.

(13) 29 X, Y7} AIO|Z Ql= ZHM B (forest)O| L | X| < |Y[2E SIAL X= kx = | V| — | X]
el BRHEE, Y= ky = |V| - \YI7H9| HEHEZ J12ICH |X| < |Y|O|22 kx > kyO|C}.
= ye XECH ATEHE 471 2o} matA yo1|L XO|ME C12 AR UEQ| 25 & ZAHS

0“' St= 2 y7t BEEA] ZABCE Of ZHd yE XOf| 7tsli= AtO[20] ‘47| OFLEf

—

..XU{y}EI O
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Graphic Matroid A|ZtS}
(13) 321 Q™22 AAFH 2R} [X|=2,|Y| =3

1 &

Independent Set X Independent Set Y
X ={e1, &2} Y ={e1, &, €3}

Y\ X = {e3}0C}. X0 ;2 274513,

™ XU {es}2 0i743] Af0[20] giTh

September 27, 2025
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Basis

OHEZ0|E9| 12F Of 70| O[3li5t7| fIshA B 712 BOSS = AO|C
Definition (Basis2| 42)
Independent set 79| 2l4 = 7|7} Z|CfQl &letS Basis2fil SHCF.
e = B e I7fBasis2lE Z12, BO| 0/H 2l4 e € S\ BE R7f5tH2L= BU {e}= 04t
IndependentdfX| 2Cl= 2[0/0|C}. (Maximally Independent)

E=2| 7t WHE AFFS0[2tH, 0] YO MEFE Basis?| A= RFE 4 UAS AO|L.

L
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Basis2| A&

Theorem
OfEZ20/= M(S,7)8 2£ Basiso| 37| Zct.

Proof.

HFEo2 = Jt55iCt 27|72}t CHE & Basis By, Bo7t 251, |By| < |By|2t

7185kt IjHE§0|‘:O| (l ) =20 O|3H B10f| £7}t5t0] O{413]| IndependentstH| Bt= 4=

e L y e By \ B2t ZASICE =, By U {y} € ZO|C}. O]= B;0| Maximally Independent
2t= 7ty0| LEEICH T2t 25 Ba5|sO| 37| ot =

L
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Basis2| Of|A|

@ Linear Matroid:

» Basise= HE g S7t Mdst= HIE 57t(span)Q| 7|#{(basis)O|C}.
» Ol /L"°4':H—|—°F01|A‘| tH'E‘|"‘7 tol 2t0| Yok = O|Rete 22do=z ZiCt

o Graphic Matroid:

» Basise Z12ff ol Z|C{f £ & (Spanning Forest)O|C}.

N mot Tefm ot HZE|0f QCHH (connected), Basis= 412 E2|(Spanning Tree)7} EICH

» AZ O2imo| BE MY E2l= 4 V| - 1719 ZHIE 41 UAZ2 AHEStL, O] =St
UHE§0|59| ‘d20f s Fetrt.

—

5
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Basis2| CI= A 9|

At DHEZ0|E& Independent SetO| OFl BasisLt Circuit2 Eoff Z2|g % QUL BasisS
O|8¢%t ¥ol= ch3at Zot.
Definition (Basis Axioms)

R84/t S, 3/EH0| Ot HEZEIE B C 257F Ofeff = RS OH=Z54H, BE 0/H
gﬁsgo/:o/ Basis 2/8}0] =IC}.

@ (B1) B+

@ (B2) B1,B, € BO|Z x € By \ B,O|H, y € By \ Bi7} EX510 (By \ {x}) U {y} € BE

Ot=5tCf. (Basis Exchange Property)

(B2) I3 B2l Bt BasisOl A 24 SHLIZ WD, CH2 BasisO] M 25 YA SHLIS 7}
MZS BasisZ 015 4 QUCH= 9|0|o|ct. 0| MECH45t0| 7| (Basis) W Halot
SU3ict

September 27, 2025 16 /48



Circuit?| = Q!

BasisE O|afidf 2L, O|A| Circuit2 LOtEZ}.

=]

=10

O{™ Basis B7t 11, 0 7|0f| &£6tA| U= HA e € S\ B7F ULt SHAL BU {e}= Maximally
IndependentE B2| M0 olaff L2 Dependent SetO| & Z{0|Ct.

JCHH, BU {e}= O LR

ﬂJ|[IJ

&N

Theorem (Fundamental Circuit)

Basis BS e € S\ BOj| Clfsfl, BU {e} = T 5tLtC| 7St Circuit= ZafotLf. O/F e2f BOf
CHSF fundamental circuitOl2f 2211 C(e, B)Z H7|5HCf.

L
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Circuit?| = Q!

BasisE O|afidf 2L, O|A| Circuit2 LOtEZ}.

=]

=21 ‘
O{™ Basis B7t 11, 0 7|0f| &£6tA| U= HA e € S\ B7F ULt SHAL BU {e}= Maximally
IndependentE B2| M0 olaff L2 Dependent SetO| & Z{0|Ct.

JCHH, BU {e}= O LR

ﬂJ|[IJ

&N

Theorem (Fundamental Circuit) |

Basis B2f e € S\ BO|| Cffoff, BU {e}= Tt 5tLIS| RLUSH Circuit= ZE g5t} O/F e BO
Cf{oF fundamental circuitOl2f 2 =11 C(e, B)ZE #7/5HC}

e Graphic Matroid O|A|: AT E2|(Basis)0f| ZtM StLIE 2 7t6tH A2Hs| StLICQ| ALO|Z
~ (Circuit)0| 47|= A1k ZCt.
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=2 7§9: Circuit

Definition (Circuit2| 49|)

Dependent set =&, 3 7|7} 2/24 9] /82 Circuit O[S} 5tCf.

[=N=]

o =, C C SVt CircuitO|2}= 248, C= Dependentdf X8k COllA{ OftHd 2|4 F fLf2tE

XAHotH 1 S A| Independentaff 2ICH= 2/0JO[Ct. (Minimally Dependent)

Of| A

e Linear Matroid: Circuit2 Z|& M3 Z& 215H0|C}. HIE{SO0|
StLi2te W™ M =T0| &= AEHO|Ct.

>
ot

S50[A|2

— —

e Graphic Matroid: Circuit 1122 9| Ck&> A}O|Z(Simple Cycle) 1 A}4|O|C}.

L
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Circuit Axioms

HA|, CircuitS 2= OIEZ0|EE Zo|g 4= ULt

= =
Definition (Circuit Axioms)
REIYE S, FEYEZ C C 227 OF2f M| RS BIZ
Z/gtol Elct.

Q@ (C1)hé¢cC

Q (C2) C1,G €CO/1 C C GO/, G = GOIC} (H2E E55IR| A4S

Q (C3)C1,GeCO/ACL+#CLec GNGO/H CGGC(GUG)\{e}&E 8tEsl= GGeC
ZF 22Kt} (Circuit Elimination)

ol CE= 0/®E OjEZ20/E9] Circuit

(C3)0| =25 =&l 22 4 UCt &+ 7H2| THE AIO|Z20] oF H(HL
Aleleh LIK A £20f E CHE Al

]

S JOIM 2He o, O 84S
O0|20] AUCt= 2J0|2 HMe +~ ALY

=
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=2 7§Y9: Rank

OF2| 2 a4l 7HE2 Rank(A|4=) ef4=0|Ct
Definition (Rank2| &2J)
2 &let & 713 2 Independent set2| 37[E AS| Rank2f 511,

2/gt AC SO Lfotd, A9l F&

r(A)Z2 #7/[3tCf.
r(A) =max{|X|: X CA X €7}

~—

3310l ‘U0t SYHQIA'E FYSHe HERAD B 4 Ck

e Rank gt F0{2I A
o HERO|E HA|Q| 3 r(S)E Basis®| 37|2F 2T}
o r(A) = |A| 2}, A= 11 A2 Independent SetO|2t= O[T}

September 27, 2025 20 /48
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Rank B4t TSt 28 25 4SS BIEsiC
@ 0<r(A) <A
@ (Monotonicity) AC B = r(A) < r(B)
© (Submodularity) r(AUB) +r(AN B) < r(A) + r(B)

Submodularity(E2&4)

== o
St} 2k7{L} ZCH= 2|0|0|C}. O|= 'Diminishing returns’ (48 2| Zt
0|0 =EAQl HaSS B0l 712 T M22 dAE ZIi6i: A3
o4=Ch= Ao|Ct

L

September 27, 2025 21/48



Greedy Algotihm for Matroid

o 21712 DjE20|= 2] Zolof ol ChafAl CHEI= YTt

o NHLIH, A2 OHEZ0|ET} L 2|S ZA| 3iZ2 ZOKPS)0IM O{EH &8E +
o127
M =2

|

Ui

ARICERY

0jo
Mo

Z|th 7t 714 24

2rof SOf 2} A4 e0f 7tS 2| (weight) w(e)/t FOE|O| QACHH, 0L siOF 7tS 2|9 EO|

Z|H(EE 2[2)7t == BasisE 2S 4 UASW?

OflAl: 2220l Zbdof 7tS2|7F AS T, 7+=S2]

L

|10I'

10| 2|40t £l= AN E2|E e 2Al
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Greedy Algotihm for Matroid

742 21| A4ztat

A Ol d}
o a T o

PN
O O =2t A= ¥

I
rlo
m
Jo
o
K
g
olN

52
|0
2
HO
|0
Hu
lo
rx Mo
12

7tE2| ol z|ch

Q S| 2= AAE IIS2|IF .

9 XS0l gl 4g A= 00|A AlZetCt.

0 JZE =AUz ¥
AOf| Z=7tstct.

Q ZE dAS L

O] Chot ARl e
I
(=2

2= JZA FAT..
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HE=0| =2} EFE 2t12|

ojN

YA, 23| HEO| HERO|S T2E DHEFICE M J2|C| W2 B
2ig0| BYEICE

—

1> Ui

Theorem (Rado-Edmonds Theorem)
0/ Independence System (S, Z)0]| CHsfl, (S,Z)7} OHEZ0|=2tH 2[0jA A F5F EFEZ

21e|=0| geolof 7kS2] etof tiofl gtk 2/ 9] ofi(7t& 2] g0l 2|th2! Basis)E =L
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EF2 24 2{2t0
i i |

E MEko| =49

o

fob

off BHEZO|E0|M= 22|Cet ME0| REN?

o GreedyZ 22 o{lE A={a1,...,a,}, 214 llE B = {by,..., b }2t1 StA}.
(w(a1) = - = w(ar), w(b) = --- > w(by))

L
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a3 Mol g

M
o

fob

ol (HE=0|E0|M= 2|t M0 REedn?
o GreedyZ 22 o{lE A={a1,...,a,}, 214 llE B = {by,..., b }2t1 StA}.
(w(a1) = - = w(ar), w(b) = --- > w(by))

o DIOF A Batd, A2t BI} GefR|= & YA HATF ZAstCt =, O kOf| Csl a; = b;
(i < k), ak 75 bk.

L
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El22 zako| S

o —_

M
o

fol

off DHEZ0|E0|A = 12|t M2F0| KESI}?

o Greedy2 22 1S A= {ay,...,a,}, 21H & B={b,..., b }2t1 3t}
(w(ar) > - > w(ar), w(b1) > - > w(by))

o Dok A B2tH, A9t BIt €2t2|= & HARY [ATH ZASHICE S, o™ kOf| T3l a; = b;
(i < k), ak # bx.

o GreedyQ| MEH SAIO| Ofaf, ¥12|SF2 b 2Lt xS UA DAYALL, b2t 7HE2|7t
22U 20|22 w(ay) > w(bk)O|Ct.

g

5

September 27, 2025 25 /48



M
o

fol

EFR 2 22|

— 71—

o} DHE20|S0j M= 02|C|3t M2ko| LEEIN?

o GreedyZ 22 o{lE A={a1,...,a,}, 214 llE B = {by,..., b }2t1 StA}.
(w(ar) > - = wisr), wibt) = - > wiby)

o Dok A~ Betd, AR BVt EefA|= A BA HATt ZAHSICt =, O kOi| Tl a; = b;
(i < k), ak 75 by.

o GreedyQ| MEH BIAO O3, Y2|S2 b 2L} a S HA LHAUALL, b2t 7+S2|7t
21912 2012 w(ay) > w(be)OICE

e (I13) w2t J2| 0|&: X ={a1,...,ak_1}= Independent. Y = {by,..., b} =

Independent. | X| < |Y| O|2&, XOf| 275l IndependentE FA|5t= bj € Y \ X7t
ZAfetCt.

g

5
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EI22 %
o/

M

el REY

fob

o HE20|SOjAS D2|C|3 X2t QAT

o GreedyZ 22 o{lE A={a1,...,a,}, 214 llE B = {by,..., b }2t1 StA}.
(w(a1) = -+~ = w(ar), w(b1) = --- = w(br))

o Dok A~ Betd, AR BVt EefA|= A BA HATt ZAHSICt =, O kOi| Tl a; = b;
(i < k), ak 75 by.

o GreedyQ| MEH BIAO O3, Y2|S2 b 2L} a S HA LHAUALL, b2t 7+S2|7t
21942 ZH0[S2 w(ay) > w(be)OITE

e (I13) w2t J2| 0|&: X ={a1,...,ak_1}= Independent. Y = {by,..., b} =
Independent. | X| < |Y| O|2&, XOf| 275l IndependentE FA|5t= bj € Y \ X7t
ZY3IC}

@ Exchange Argument — |EHoZ =¥

5
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2| A E2|(MST) 24
M =0l vt ez, im0 2|4 LA ER|E ot L12|S2 AAE &+~ UL
o FA|: O G = (V, E)2t ZHIE TtSR| w(e)?t FO{HS mf, 2+ 7tS2(2| &0|
2|AQl Spanning Tree— 2tof2t.
o O] 4= Graphic Matroid 2|0f|A{2| 2|45} Z|0|C}.
o 7t32| Z|ash= -(7132])Q] z|tigtet oo 2 of2lie] Yn2|SS AES £ QUL
MSTE 2|8t Greedy & 112|F (Kruskal's Algorithm)
Q@ 2= S I1SR|7t A2 &MU =2 ZFSiCt
Q Bl &gt A= (0| A|ZFStC.
Q FEE It eE =MUZ &QlstH, AU {e}7t AIO|ZE 2tEA| L2 A0 Z7}SICE
Q UtME V| — 171 MEder mj7tA| BtEICt
22| &3 MSTE Hlot= AR8AZ 22|SS HARIUCH
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7E:I% al ROI:

o

)]

= |

HEZ0|=C M3 2, THEO| aydlic S 'S0l WS 2ABB 4813 2O}
Independent Set, Basis, Circuit, Rank & CI¥5t BHAlo 2 ZHO|El 4 QIZ|0F ERI2 ZICH

3
o —
Ol2fet =2|& 755t sh= e (13) 18 S2|=, 22 independent set2 &l o

— o I | 1
2 independent set®| WAS 7HA2t 37|15 7|2 + UL
QOF5tH D|ER0|E= EF2 % 12|Z(Greedy Algorithm)2| AT S H5I=
T=ete A0\t
Of EAI7I HEZO0|E 2YS EY 0 ACHH, Je|Ciet ZTYL =2 2[HHE &=

4 Qe
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O{E20|E W2z} (Matroid Intersection)

NEe 23
Oiof 2207t £ Jt2| BRO| S 2AUS SAl) UZ3H=
3HoF 27}

\dJ
o
rlu
1]
ok
mjo
N
EJ
H>
i
re
<
o
X

Definition (OEZ0|E m2} 24))
& 2ot Background Set S& Zt= F OfEZ0|E My = (S5,11)2f Mz = (S, 1)’ FOIRE

lelinNI, = {Ag |A€IlandA€IQ}

S
E DtEofBA 3] |1|7F 22! &gt 1= FA210F?

£ 25 £ 28 (Common Independent Set)0|2f 504, 2|9 A=
& F 377t 2o HAE 2= 2A2 S £ ATk

=z -
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w2l 2A|2] o2HF

IEZ0|=
Al Mo = (5,71 N 1,)7} BIEZ0|E= OFL7)?
2te UgtA o2 O§EZ0|ST} OfLct,

= _
QUELAE, & OHEZ0|=2] WAt

—

t2d|: Graphic Matroid2| w2}

€2
€4
Jd2fz G1 0 Jdefx G2
My = M(Gy) Ms = M(Gy)
September 27, 2025
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Of|A] 1: O] 2 02! (Bipartite Matching)

OIEZ0|E WAtof 7+ CHEZ{Q! Gf|A|0|O|Ct.

2
o &A|: 0|2 2o 2 7|7t 712+ 2 0§ (matching)S ZH0}2}.
o Of@ 7hd Zet0| DHAIO| =24, E% ZHO| 244(degree)”t 1 O[SIO{OF SFC}.

> 2 1. &% YHPEO| 2447} 1 0[5
» 272 22% YHYEO| 244741 0|3t
O| & RS 2zt |EZR0|E2 2EIZlsh 4~ QIC}

September 27, 2025

30/48



UHEEOI =

o 5: J2fZo| ZHd(edge) AT E.

o HEZO0|E M;y: 21Z HH UO|| CHat A|9f
» 7; ={AC E |Vue U,degy(u) <1}

» O ZHM 2I8H0| 212 ZHZH S & B 0|A AF25}A|BH 42 & independent

o ©

° UHEEOI': My QLEZ HA vy
> D= [ACE| WV degy(v) <1)

» O 7HM 2I5H0| Q22 HAHS = H 0|A Argazm 9O ™ independent

w3t ZA| 2 o|ahe 4= QUCt.

, 2|t O] 2 0{

September 27, 2025
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Z12|F2| otolciof: St B=

o DHEZ0[E wzt 2AQ| LHEAQ! O|A|= 2|cff O] O
o A, LErHQI HEZ0|E wat 240 O|F o 12

(Augmenting Path)Z 2r= OLO[C|OIS ALE3 & 4 2| %271

0|2 njyo= el 225 (IER0|S w2t 24 32 ¢12lE

0 91 S S YT / = 10|M AlRtBICE

@ A /9 27|15 1813 5Y 4 U= 57t B2’ PE L

© DIoF F2 PE OICID, IS IAPR ZA5M 2802 Sopic

O Cf 014 37t 320t Qicte, &3 /7t ) 27]0 BE S Wtolct
012 9|0 AD2|Z0| YLYS SUBHAL YURID, YEH LSS It}

T2, HER20IE mt BAINS| E7t FRE Rl
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2| (Exchange Graph)

It B2E

27| ?Ioh, M € =B 4 /of chist

Definition (& 124 D(/))

a1
=)
o

rol
El
rtok
|
S
|H
S

o & (Vertex): Background set SO 2= 2I4.
e MM (Arc): x,y € SO CH5t,
Q@ xeS\l,yel o/ (I\{yH)U{x} eI, O|H, (x,y) ZHIE F7}3tC}.
(M1OfIM y & B0 xS 0= FE0| RX==7F7)

@ xclycS\10[m(I\ (x}) Uly) € T OB (x.y) ZHig 2712Hck
(Ma0IA X2 81 y S 20j= S2i0] SRI=/=7H)
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S7F 4=229| 4]
g s ak=EdeL, Ol St 228 &9

19

7 AL
Definition (S7t B2 (Augmenting Path))
ol =& =& /gt 10] tHotd,
o Ui={xeS\I|IU{x} e}
o b={yesS\I|IU{y} eI}
2t StAL (Ur, Uas 10l & 2IF61 = 202 My, Ma Ol S8 EE RX[5H= 4

I
281 a2 ()0 Urol S8t S0l X135 Unol S8 Saol B 21 B2
20t 322k st

Moy

cl €S\ / cl
>@ ;@ ................

)]
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DjE20|S majo| sHAl B2 A3

Theorem
2& 52 Bt 1= Aof 37| — @ YT D(1)0f B} BRI ZAY53| SeCh

o 1 4dg

O] He2loM (=) &k = "17F 2t 27[0[H, S7F B=27t it 9| ti? BAHE SBoti=4t.

OHEZ0|= uzfo| s E=Ye
"eh 2T D( )oll S7t B2 P7t EHsICHH, /= 2|t 3717f ofL|ct.”

7t Y2 PE MO, S 120} C| 2 BS SY T /'2 WS 4 A %2
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CH2I 2}t (Symmetric Difference)
St B2 Pt 2ME 0, A2 AT I'S TSt 20| 714514}

I"'=1AV(P)=(I\ V(P))U(V(P)\I)

3717t 1948 B7htE olR
o B7H A P = (x0, 3. x)E % € Un, xi € U0l AIZSHD Bic,
2, Y20| A2 B U2 o, 10 £3H2 Ch
YR | o] ot oto] AR WZOL AL xi ¢ /i € /.
23] G20 Z20f U= AS F /0 231 9k HO| 0] 3 ZECH B 1)
of et
o Z, || = I = 1IN V(P +V(P)\ /| = ll] + 1 0] HEict
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%;%'E!; ;7}l§ElJ " € 11

P = (x0,x1,...,xx)& 37t 822} SI4t.
@ xg € Uy, x, € U>
@ x3i € S\ I, x0j11 €1
I'=(\{x1,x3,...}) U{x0,x2,...}
Q@ TA, 1U{x} € Z; OIC} (xo € U1 2] &2)
Q & IO ZHH (xp,x1)2| Ee|Of 2fa, (/\ {x1}) U {x} € Z; O|C}.
@ DHEZO|S (13) 222 02] ¥ ZHBHHY, I U {xo} Ol 2 WD S CIet 2t
(/ \{Xl}) U{x0,x}= 7,0 £et2 EY —1\— UCE

0 O H¥= B2 E7A| gt=5tH, 2= I'e 1YS SYL + UCh
(Al %%‘% =goto] =oAL, (13) s2lE 2= HEst= A2 OfsHsH
UCE.)
AN
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%%‘ 7|‘|.|?. I €1

O|HHol|l= B22| B0MFE AASIAL P = (x0,x1, ..., Xk)

Q@ TA, 1U{x} e OICt (xx € 2] H2|)

Q w3 IO 7 (xk—1,xk)2 F2l0l| 2|3H, (/\ {xk—1}) U{x«} € I» O|LC}.

Q (13) 32| HIX5tA HAHL=Z AESIH, 1 U {x}OlIA x(_12 WD x_»Z CSh=

AMog Pz lsle 4~ QlCt

Q 2TAHRZ /' = (I\ {x1,x3,...}) U {x0,x2,... }7| To0l| &2 ST 4= ULt
a4
37t B2 P7L 2M5tH, I’ = IAV(P)= 3717t 1 4 2 MER 3 =8 Z-0lct
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O|A Azl ¥12|S= ofefiet 20| galg 4 AL

Edmonds’ Matroid Intersection Algorithm
Q /0.

© Loop:
o B /o Ci3t mB IBm D)2 TABICH
o g Ulz{x¢l|/U{X}€Il}J- 2:{ ¢/|/U{y}612}§ 2=t
© BFS(L{H| 941 EH4)2 AFRSI0] D(1)OIA Uho] HHOIM 1,2 HHOR 7t 2Tt 22 P
S 2=t
o 2ok F= PUF EASHA| 2B, WAl IS 2|A5H= Hheksia E@‘:f.
o ZZ P7t ZA5Y, I + IAV(P)Z2 HAlstn RIo| S22 Sopict,
O &2|F2 Ciet Azt ot 2T S8 =T F&S ZOotEL
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Oof|l2il: ol 0 CtAl 27| (1/5)

gue|Egs Ay G2t 24t

e

7| SN

O CIEL,
v o S\Io:{el,eg,eg}
3

e My(U-side): hu{e}= 2= ec S\ IOl

8 s S8 = U = {e1, e, 3}.
Qe @ @ o M;(V-side): hU{e}= B2E e € S\ Ol
ol S8, = U= {e1, &, e3}.
%7} %E UiOA U2 7= B2 AH7| AHNIe = e E=2. eg., Po= (61).
AUCOIE: h = bhA{er} = {er}.

L
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Oof|l2il: ol 0H& CHAl 27| (2/5)

JEf

@0 ° S\ h={e,es}

e Ui: hU {GQ}E Uloﬂkl %% LU {93}E
=8. = U = {a}).

(S
] ] @ @ o Uy hU{el= S2. LU {els vOIA]
S 0§ = {er}

== = U, ={e}.

Wk e D(h)MM Ui = {e3} OIM Uz = {e} 2 7t= F=2E ZO}0F Sttt

=

L
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OfI%l: 0|2 oHZ Al 2] (3/5)

@E T p(h) A

44: {e1, e, e3}

o
o ZtM (Type 1: x ¢ I,y € I for M)

» x=eg,y=e h\{a}U{e}={a} MO S8 = (e,e) 7t 2A.
» x=e,y=e: h\{a}U{e}={ea} MiOIM S& = (e, e) 2t ZA.

o MM (Type 2: x € I,y ¢ | for M>)

> X =¢€1,y = €. Il \ {61} @] {62} = {62}- M201|}\-| %E":,'I — (el’ez) ?J'ﬁ _E_ZH
» x=e,y =63 h\{a}U{ea}={ea} MOIM S& = (e, e) 2 A

es (1) &

SRV} e U

L
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Oof|l2il: ol 0Hd CHAl 27| (4/5)

37t BR: Uy = {e3} Ol Up = {&} E 7t= 2T B2 P = (63,1, ).

"HHOIE: b = hAV(P1) = {e1}A{es, e1, 2} = ({er} \ {e1}) U ({e2, e} \ 0) = {e2, €3}

‘L ‘\ MZ2 0§23 L = {e, e3} @ @
=y
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Oof|l2il: Ol 0H& CHAl 27| (5/5)

A2l OH2! £, = {er, 3}

e S\ h={e}
o Ur: hU{e}= u10lA 25. = U; = 0.
o U hUu{el2 villM 28 — U =10.
U10| 33E0IE22,  Of4 z7f B2 ZAGHA| Y=t
8=
L02|S0| S=E| 2, 2[C Oi&A2 h = {e2, e3}0|0 A7|= 20|C}.
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HER0|E 1wz} AT Ae|

Theorem (Edmonds’ Matroid Intersection Theorem)
T+ BHEZ0[E My = (S5, 11), M2 = (S5, 1)0 tiatdd, 2/t & =& &/gte] 37/= tIE2
zct

T || = {pclg(rl(U) + r2(5\ U))

07| n,ne 42 M1, M2 8] &3 gt+0[Cf.

o 0| d2|= HIERA flow?| Max-flow Min-cut H2|, O] 2 02| Konigl| He|2t &=
a42(0] ct,
e O|l= OIEZ0|E WA} &

= S o
o 2|2o| Z2|of CHSE A|HQl SHE2, MIT 18.455 Z2|9| lecture noteE Zt115tet.

September 27, 2025 45 /48



: (fE20|E 12}

MHJ
]u

J
=N
o
m%

+HE 2A7F HEZ0]

(=}

J2HZ 9| Arborescence

A|O|C}.

a0
(L

i

46 /48

September 27, 2025

m



2t Zt& (References)

o Papers & Articles
» Jack Edmonds. " Submodular functions, matroids, and certain polyhedra.” Combinatorial

structures and their applications, 1970.
» Eugene L. Lawler. "Matroid intersection algorithms.” Mathematical Programming, 1975.

@ Online Resources (Blogs & Lecture Notes)
> lighton's blog: Matroid (1) (https://lighton.tistory.com/12)

lighton's blog: Matroid Intersection (2) (https://lighton.tistory.com/14)
» Codeforces Blog: Yet another blog about matroids
(https://codeforces.com/blog/entry/58202)
SSM InfoStack: Introduction to Matroid
(https://infossm.github.io/blog/2019/05/15/introduction-to-matroid/)
SSM InfoStack: Matroid Intersection
(https://infossm.github.io/blog/2019/06/17/Matroid-Intersection/)
MIT 18.455 (Goemans): Advanced Combinatorial Opt.
‘L" (https://math.mit.edu/ goemans/18455-2020SP.html)

’

v

v

\{

v

September 27, 2025 47 /48



Q&A

L

September 27, 2025 48 /48



	매트로이드의 활용: 교차 문제

