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Al 1% Introduction

A1Ed EA R

Multi-Layer Perceptron(MLP)-2 Universal Approximation Theoremof w2} ¢]2]o| d<: H-E LA}
o 4= Q1O Ly (Hornik 1991), o] H-EAL FAlo HEZA H3F(inductive bias) o] FAHE Y=t} Tasko]
FA e ot e 7Hd ko] X E o] 2|ASt Hlaa2] o & dojuby (Battaglia et al. 2018), 521
o7l x50 f aitA o] grd A w da] A E 11 QJ= AL o] 2|3t o]-F-of A o] th(Schmidhuber 2015;
LeCun, Bengio, and Hinton 2015).
olg|gt ZAIE sidsty] gt AL HH-2 tasko]| WAHH HAFS o8 7 TS Alghst
= Aot AA 2 T taskr} YH o] EA HSbo| Yot invariance = equivarianceS YA H o2
gtk gkl tigh @ YA9] A2t Fojof sEEE permutation invarianceE 72| ™, image
segmentation>- o1 2] &] Y o]-Fof| tslf equivariantsfiof . o]2jet t A4S Hdof] HAIA7]= Hf
A QU2 Wi 7 H 4> F-fr(parameter sharing) 2, 574 752 5= T Lot ZAF L 24 o7t s
S THEolE = ghry. CNNo| F7H4 9%] 01]*1 7125 OS2 translational equivariance
Q1 dflo]t}. Z|Fofli= o] BAE o] &2 0= FAleet= A7t 6] o] ol 1L
2 permutation group®]| t§t parameter sharing 7- =2 5 equivariant 4173 4-&
© ™ (Ravanbakhsh, Schneider, and Poczos 2017), Finzi 52 ©]& 92]2] matrix
A tH(Finzi, Welling, and Wilson 2021).

3o ot 2 ke

ZHEo] EEA] &kt 7|E AF-ES equivariant architecture®] A A
ZHE T 2497} @oko ), parameter sharing®] G312 data augmentation
o]t} model capacity©] G} Fefste] FAS A= A o= =50} Parameter sharing2 &%
R e} o 2 ola|E)/| % SR, 1 2RAe ek s B2 taske} R 715 A4 61l

TFER F2H O F AFHelE= inductive biasE Al-goh= Zoltt. wahA parameter sharingo] AA| 2
st 5 P 7|oASRA], BL Bad| TeulE 4 ac] TR ARS Ae] BaAL o
W s}stx] ok}

= A7 olelet Aol "ty ffsl v 727t et A elE Al 7HA] toy taskE AAISHAL, A=
e A B

Szt | /79 S H| WSttt H| W AL F XA AoFo] ¢l vanilla MLP, data

augmentationg Z-85t MLP, parameter sharingS 535f gj&Ao] 24 A= MLP, 18|11 F H-E

% A8t MLPo|t}. A 28 glo|EAl FRE HA AR SAFCRH, parameter sharingo]

et A5, dHole meAd, A B nxe e A o= ZAH. 0|5 F9l parameter

sharingo] ©h=ot mretnly A3 7|HM-& Hol, tiA4dS Hvhgst= a4 Q] inductive bias® 288 4
A54]

QeA] AFA R AFsur k.



Al 24 Theoretical Background

Al 13 Symmetry as Inductive Bias

e £ dlolEho Rt T RE el e F oA uhE 1S §oA 2HE 4 gk
o Free Lunch Theorem (Wolpert 1996)0] B35 EA tasko] tfgt APA 74, = inductive bias
ol= ol 41 EL T fglojE olAfo g ArtslSh 4= glt} (Mitchell 1980). Inductive bias= B4
Fol REAU M B H C Fr AT 2H HEotol, AP BAL W 27}
W WL Aol

A FE5H= inductive bias= tasko]] WA E fxJAJo|th e task= 1 A2 HE g9
gkl tis) E=lo] YT WAL R FAHE 4E2 273 ol FAelsh] s, Het GoF
Q-9 % (G.)o] AN, BE, Ale] AL WET ) oS F(Croup)olet Bk £
28 g91-(92-2) = (91-92) "z, e v = 25 WESh= AV G x X = XYE 7 G X o4 ] 2-8(Group
Action)o]gt 5tH, g©] zof tiet 282 g - v 2 F7|SH.

z

09_1'4 02’1.4 r_&

~—

Definition 1 (Equivariance / Invariance). ¥+ f : X — Y7} o GOl ti3}] equivariantsitt= 7212
o2-2 TEE-S 9u]gitt (Kondor and Trivedi 2018).

flg-x)=g-f(x), VgeG, VxeX (1

~—

O

23 BN Y F Fgo] FF WA S5T A9,
St |

3 =
invariants}ttil $tot. Invariancet= Equivariance®] EH3SE 3 -9-o|t}.

il

We taskr} olald YAAS WAHeR ppdth Yol g Bt 4ol A9t madof o
B2 symmetric group S,°]| td invariantdljof S}, image segmentation2 ©|n| 2|7} HSY o]5o}
H segmentation AL FUH] o]Fdfof sf22 B o]Fo] thdl] equivariantdfjof $tth. CNN
o] translational equivarianceE (Cohen and Welling 2016), Transformer7} E% o] th3t equivariance
E TS AR 4= 4 Q)= AL (Bronstein et al. 2021) o] 23t W2to] Aqo|tt. @ 2] sl thAA-S
=St R HE A|Rtsh= Z o] taske] Bgchs AFAA R inductive biaso]™, & A& o
MLPoJ| A parameter sharingg &3l F-@ 5= WH-S tha HolA A3ttt

F-l

Al 2 @ Equivariant MLP via Parameter Sharing

= G2 3 (Representation) o]t GO A 719 A3 A2 & GL(V)29 &&5JAMd p: G — GL(V)
ot} (Serre et al. 1977). EH-& 0]%'3}‘?5_ O] 282 FE | o2 thE 4 2o, o]F 5 equiv-
T A

1T
arlance £1& AY #ojo] oA FAH R R & o

A Fo]o]¢e] Equivariance &4

AY T R 28 F R™ oA o G7F 42 B pin 0 G — GLR™) M poyy : G — GL(R™)
o= zZgsittal skab A9 #lolo] f(x) = WaZt GOl til] equivariantsl2H, 4 (1)o] f(z) = WaE



o] 27 Equivariance £710]2t 51, o] & TEst= 7HEA] PO e v 2ol F gt
Wa = {W € R™™ | Wpin(g9) = pout(9) W, Vg € G} (3)

Parameter Sharing¢] &gt W9 4

Equivariance £71-2 Wel gt Aq 2} A A O|B&2, W R™ "] AF B2 ol pin,
Pout©] A2+ EASl -9, Appendix 19] £ (Ravanbakhsh, Schneider, and Poczos 2017)°f 9]8] Wg
O] 71 A= A A (4, 5)ofl HYE G-2H8-2] T2 {01, ..., O }oll H-&sh= ¥4

Bi= Y Ey 1=1,..k (4)
(7’7])60l

2 ARG B850 {1,....m} x {1,...,n}E HEARE 202, Qo] W € We=

k
W:ZU)ZBZ, w; € R (5)

=1
Sash] BAET = 2o BAR Sak gi79] AFAL shte] A6 sele S 2o,
]7"] o] & Parameter Sharing®|t}. Figure 17} o] 3142 /22 o2 yeplitt. <4 #2] H-9 (Finzi,
Welling, and Wilson 2021)2 F 2|55 &7 tf4l Lie algebra Qo2 HE GLE= AY A|AHS

SAHOR Fol UG AL AWsH

M A4 staiAl 8= Equivarianced 7M1 ——3p  SATA] UE UEY = 4 HA
wae] guhe e oA \‘
N S\

fixNoyM

do
&
o
iy . .,
L °
L ] L ]
I
#p, e~ °
Figure 1: ot2jn)g 285 53t Equivariance HA2] 7 Q. o Go] ZH-&© 2 B ¥ equivariance Z71-&

TEot, sAe Al BA e dEY L& B9 TISAE FRELEN GOl ti6l equivariant gt
SLP(Single Layer Perceptron)& -4 ¢t
(%) G = D5, 42 4 x5 o[a]7], &2 7] 59| e,
(B2 £ G 480 e A2 W
($5 39) 59 A= WAC) 9t 982l 49l 2z ma
($%) 7]’—6‘;(] T BAE AR o ol 1= PH <] SLP.
5715 wot Z§Q1-4-SF (Ravanbakhsh, Schneider, and Poczos 2017) 2] Figure©]t}.



Equivariant MLP 34 9 71 F7He] Algt

g A9 #lo]o] 9] equivarianceE MLP AA| = gHgsh= 22 A5ttt Elementwise 8/d3} 9t o
£ poul9)7t A8 BAL W 0(pol9) 2) = poul9) o(:)E WHARR, equivariant 43 2ol oj}

elementwise 243} ot /4 7 #lo]o] ¢,0] Gofl Hisf equivariantStH, 0] 52] H4d @ = ¢ro---0¢y
& A] equivariantStt} (Ravanbakhsh, Schneider, and Poczos 2017). Invariant MLP+ equivariant MLP
9] 2 of ¥(sum), Bt (mean) 52] permutation-invariant H A g Age s A-g5Fo] LA St} (Zaheer
et al. 2017).

fw () = Agia(®() (6)

AIWA 02 Wes RO ABEZ o, At o2 dim(We) = k < mno] JH3IT}. Parameter
Sharingo] -85 MLP9] 714 #7t

Ho={fweH|WeWs} CTH (

J
~—

£ oA 2AL RS $45R T2H0= AR, o)zlo] E parameter sharingo] A FHH

inductive biaso]t}.



Al 33 Experimental Design

Al 1 4 Experimental Goals and Comparison Setup

H AL parameter sharing®] A|-E5H= symmetry-based inductive bias7} A173™o] QlHls) Ai=0o]
WAL QS 4ZHo = AL AL BHoz g PR 0L A A Lrol Hekug o
oh. AR, symmetryE R F3of 24 HWEY parameter sharingo] ARFe} A5 4ol 71o15h=7F.
E4, ol8 et &3} data augmentation¥} o]t 2fo] S Hol=7}. Al parameter sharing?] §it=
ol/g2te Aol =_tE =7 oty Kot E3sty AR ZA A = 2] ==

Task selection

A 743 Ao o] ool FaA BT @AA0] AR ThE Al taskE AFSHAT Al task B
permutation symmetryE Z¢5HE], symmetry”7} A E T80 Aot dAA dvtAd-Z Fe] AA s}
At

Task 12 permutation invariant set function Aot Y& P49 £A7F EXAH o2 on|E 7R Z]
orom 2 symmetryZ} 24 2] A o] AA| S A A A3t Symmetry-based inductive bias®] &3S 714
e FHIE Wty f1g 71E A-doll gt

Task 2= graph classification FA|o]tt. L E9] G 7} ¢]o]& 0 g2 Ho{&]H 2 node relabelingo] o3t
invariance’} Q@ 7= At ©@=ot Mg §H2F TE] graph structureo] )3l A 2] ]+ relational informa-
tions R} Symmetry o] A¥F7F Hoh BoHAQl 15 Lol A Yetth= F3F 9A|9] A o]t
Task 3 Q4L /AL Be) Al2810] A8 do] |2 BAlolch Be] WAL Qo] LAo] olEa]
CrOnE symmetry7t AT AOFOR AGIAT, A AZ AL SoAstd 4uAE, HARA 5
chepet 2ol ool @ ARG WA A8 154 Thet Qubdol 71 2 Aol
Task 104 Task 322 Z45 symmetry”} A4S #45he A= d4

2 9122 £3] parameter sharing®] 7} T toy problemo] FHEREA, Kk BT BAOAE

A= inductive bias2 7]%55=2]& v W th

iy

Comparison Setup
£ taskol 4 AT U FEE FAGAE. W L g ) ol
e Vanilla MLP: 1% & #|<Fo| gl&= 7]&A
e MLP + Aug: data augmentation © 2 symmetry S 7432 02 st&56H7 of= A2
e MLP + Share: parameter sharing© 2 symmetryS 2@ %o A4 A sH= A2

e MLP + Aug + Share: = WS FA|o] A8t 2l

o] +4& &l symmetryE W FSte 4] 2ho], = Hloly &AM 9] Fot T2 ol A o] A7
sl 5ol AE = 2otk 24T



Al 2 d Evaluation Metrics

Parameter sharing®] 832 thHd o2 BA57] 95 Y] 714 A 8BS A&t}

Generalization Performance

Sl EAQ] AL test lossE, 5 EA|9] AL test accuracy?} test lossE §H74| A Stct. Parameter
sharing®] §3}& 9l inductive biaszZ ZH-&STHH, = ASIAL O AL 429] parameter 2= test seto]] A]
1_. o
JLo

< Hofof gk,

o ey Ee 4

-

Symmetry Error

H ATLo| A 71t Al A ol 2| ;o). o task’} @ 45F= permutation transformation-& 7}5}3

o, 28 o] o]2H o 7|diHe WA or FAHEAE SA”}Y. L& ARt} 5hd "/Pﬁﬂr
2ol Hemcy.

Symmetry Error(z; f) = Egeq [L(g - f(2), f(g-x))] (8)
Parameter sharing2 Z-8¢F R El.8 JLX 2 0 & symmetryS WEstE = AA| 5 22 symmetry error”}
09] 4ok s, o] A melo] Tea] Yo WRE S Yol taske] T2 AAE WA

A% kgt

Sample Efficiency

HAF inductive bias= 2 Ho]EZE o LS QWSS 715514 @k 7} taskoll A training st size
E I 7| 5 LS H|wE HHESF, 274 test performance HSHS H| W §HO 2 4 sample efficiency
£ Bk,

Parameter Efficiency

A5 grbsth. ZF 29 9] parameter 4
£ A 7155t fAEAY H AL 49] parameter2 o] AL 9] generalization performance?}
symmetry preservationg @4Jot=2]5 Bt} o] F F3l parameter sharing®] 17} Tt HE
oF&=e17], LxA o2 8 olm3l inductive biasQl 2| S FLEZIT].

Parameter sharing2 At A A trainable parameter 2] 74

Al 3 A Task 1: Permutation-Invariant Set Function

Task Definition

nZfe] AR o]Folx AH x = (x1,...,2,) € R*ORRE sh}e] AZhe} gh-E o S3H= regression
problemo]t}. 918 Y4 0] A= ou|E 7R gdong sh&dfof 5= gH f 1 R™ — RE 9199
m € Spoll ol thx 275 wHEofjof gt

f(m-x)=f(x), VmeS,, VeeR" (9)



Parameter Sharing Construction

Appendix 22] ST of wra}, S,-equivariance Z = A9 go]o]= hidden representation h”
E nplock /R 8] blocko 2 Fore off ok JEHi= L5t 2=

Wt =o| AR] + B 1]

; +b), i=1,...,%lock (10)
J#i

5§ AL 7} block?] local transformation, B W™ 2] blockE 2] gof A-8 %] global transformation
of gstH, = blocke] ZUTH A, B, bE FFSttt ©]& block matrix2 EZ|5HH (nplock = 322
714) chet 2t

A B B
Wtl=o||B A B|W (11)
B B A
ZZ£A O 2 equivariant layerE o2 = 22 4 block HoF Hi-2 F$HO 24 permutation-invariant gt
95 gt AA F2+= Figure 20 YEHH
Set Equivariant
Layer
[ — B | idden dim[i]
—— s g
- — [
— — — =
— [
2 input — .
1%
§ — - _-_—) —— — — . —
— I
—— — = =
[ .
'Aggregation
- _>_ X depth function
— — I
Figure 2: Task 19] shared MLP JLZ &, Z+& Mol 7448 Z ot 72| 5 F-8-51H, block WeF aggre-
gationS £l 2|£Z O invariant$t -2 A=t}

Al 4 @ Task 2: Graph Classification

Task Definition

olAPE A € R™"¢} node feature P2 X e R ¥n 2 HE] graph-level class labelS o Zs}= dh4=
F1(AX) o y2 Shohe BAlolth lmo] Ms i B4 on| 7hA|A] 9£0. 82, 919]o] permutation



matrix Pof| ool tr& X 7A-& urEg|of gt}
f(PAPT,PX) = f(A,X) (12)

FZ 292 invariant5f|oF S} A2t =7t representation2 ZF L= E o] S E B 2, #|o|o] £~Fof| A] permutation-
equivariantgt H2HS L4 5kal mpx]ete]| graph-level pooling& A-8-5l= WAl o= FAst= Zlo] 24

AT}

Parameter Sharing Construction

Appendix 39] 5T o] w2}, node relabeling®]] i3l equivariant$t A& graph layer= A &ts| thAl 711 9]
basis operator®] 4@ AT 2 THAFCY.

= diag(4) ® X (13)

By = AX — B (14)

Bs = (deg(A) — diag(A)) ©® X (15)

- (5 dt,5) - 5 o

Bs = (3.,(AX);) = B1 — By — B3 — By (17)

A7 o= HaH &, deg(A)= 7 =29 degree— = ME oM, By&} By= A HAAMS 4 ==

]2 equivariant layerE S1}3F node representation®]] graph-level pooling2 #]-835}o] 2|E# o7
permutation-invariant3t graph representationS A=t} AA| FLZ+= Figure 39| YEF T

Al 58 Task 3: Symmetric Physical System Prediction

Task Definition

27491 BN LF o A Al Ag MA@ 7 Ao A (97 L S5)E 5 € RIS ohwl 17
Bl @ = (21,2, 75) € ROJol, @A) el 2 2R E U A 0T A aar AETHE B

—~ o

oJt}.

ER
. 12 12= 514 L g
'R _>R '—‘OI"—‘O———-—r' ]
1 E()'——_' ZE':O
- 01——_101_. =2 0=

A st T w1 G2} AABE, ALY g0 ZL g (1,29, 13) = (22, 71,23) 8
A o) Syof il th2 equivariance Z -2 JHES|of it

flg-z) =g f(z), VeeR? (19)



Graph Equivariant
X Layer
(node feature)

- — _} hidden dim([i] -
—— — — = N
I _ ode
— output
- — |
E——  — .
— [ MLP
; classifier
Q input — I
3 — - - —— — — - ) —) -
e —
— I
— e
| ]
- | ] X depth -
e e e =
— — | ]

Weight Constructed
by A
(Adjacency Matrix)

Figure 3: Task 29] shared graph MLP GLZ5%. 2 o] AL E st 725 F-561H, graph-level
pooling& 3} permutation-invariant$t graph representationg

Parameter Sharing Construction

Hidden representatione h™ =

—

h,h%, k%) S 2 BSIHA, Appendix 4] FLof wal Sy-equivariance
2712 BEats 48 Fololt ok block matrix Fe2 SUsH AHHL,

A B C bsym
Witl=o| |B A C|W + |bym (20)
D D E bs

A wiA et T HA block2 A4 FLX(A, B, C, bsym 5-1), Al 914 block> &= Y22 FHFHoh
(D7 E: b3 %%)

10



Al 4%

Methods

1 oA 7} taske] TE WA b 20€ Helgch o Fo] Ade] B HI FEE A&ed
oh, 2 AL A4 2o wE dole 44 14, Bd 72, stolHuehule, 27 W4g PAske
o 28& =0
Al 14d Common Setting
2E A3 PyTorch® AT 3] FA4Q1 Task 13} Task 39| 4= MSE loss&, &5 F4|Ql Task
20]| A= CrossEntropy lossE AFE5I9th A sh= 5% Adam optimizer2 4-35}H 0™, St5ELS A

A4 10732 DAkt A BE At Yo & 282 71et 5 &8 9] o]27 IAZL duht
FAEEAE Bt AlE A2 545 Symmetry Errors A4t A, #2912 5 712] g € G
oot Batgk= o]-8skit.

PIas Task 1, 3 Task 2

Framework PyTorch PyTorch, PyTorch Geometric

Optimizer Adam Adam

Learning rate 1073 1073

Loss MSE CrossEntropy

Symmetry metric

permutation MSE

logit MSE under permutation

Data augmentation& ZI1)s}l= 7

st

Al 2 A Task 1: Permutation-Invariant Set Function
Data
A v = (x1,...,20) € [-2,2]"0]9], Z} = FERELANA FHH o2 FE6H3r)

2 Aojshert,

Model and Hyperparameters

Vanilla MLP 2] 7%, fully connected
&it}. Shared MLP(MLP + Share) &= 5d3gF 1%
ol &5kt B O] shaped] 49, 7} &

shaict.
71 9]9] Epoch= Foff 2500 2 3}

Table 1: 24 @] 2% 44

%, S5 Al i batchottt 99]9] permutationg 7}ohe= AL R

2 blockY =&

¢(x) = sinx 4 expx + log |z|

ZE 0|85t o A} 2 = LeakyReLU(0.01)

O
O, aggregation function® 2= A7
27} 8,16,8,4,27} H5= 7

S
=

<

SAZ O, patienceZ} 1591 Early stoppingS &7 AF-8-5}3itt.

11



Controlled Variation

Task 194+ block®] 4=(npiock )2} training data sizeE HIFA|ZI Tt Table 29} Zro] &= & H3sA|7|H
519t} training data sizeS W SHA|Z ], validation data size, test data size, batch sizefk ZHo]

HSHA 7

sfolwateu] e %5

Nblocks 1 2 5 10 20
Training data size 40 80 400 800 4000 8000
Validation data size 10 20 100 200 1000 2000

Test data size 10 20 100 200 1000 2000
Batch Size 4 8 16 32 128 256

Table 2: Task 19]|A4] ©]&5F X2} ¥l

Al 3 A Task 2: Graph Classification
Data

29} 5 ARG TUDatasete] 515t £ dlo]e 419l NCILE o] 8510, 27h] B4 ojol cheh
0] 7l Classificationa AA|SFtE ZF L= E 947} one-hot-encoding® 7] 379] features 714
Hof = 47} 5070 o]5}el Lo Zekg ol gtsict.

Z¥ graph+= F| o 507 2] nodez A5} © ™, Vanilla MLPo]| A= adjacency matrix 50 x 502} node
feature 50 x 372 HWerslslo] & 4350219 4B o2 ARESHATE glolg 37 Z74L 500, 1500, 4110

oz L9, ZF 2 Autct 8:1: 1 H|Z 2 train, validation, test set-2 Wi ct.

Model and Hyperparameters

Shared MLP+= Figure 39} ZFo] symmetric layer?} graph poolingE A%l & MLP 2% classifierE 7 %]
R4S o]g5tAt &35} SR = LeakyReLU(0.01)S o]-85F4tt. Vanilla MLPX Shared MLP2}
FUT 2UF T4 o0, AFBLT node featruesE L Y02 ALgsto] Uit linear layer
of EMA|Zit} ©]% attention poolinge % & Shared MLPQ} 282 37]9] classifierE ©]-85F%t}.
training, test, validation data+= 2% 8 : 1: 19] H|-&2 Edol¢r}.

71 9]9] Epoch= Z|tf 25002 SH5A]FH S 1, patienceZ} 1591 Early stopping= &7 AHE-5HTH

Controlled Variation

Task 201 A= Hlol8 279 245 W& WA ZAT. Table 39} o] &= gha Zh2f WMo | 7| v @5}
il

Tt training data sizeS ¥H3}A|Z o, validation data size, test data size, batch sizeIr Zro] HH3}IA| Zit}.

12



sl s ufetn] e 5
Training data size 500 1500 4110
24y& H7] [64,64,16] [256,256,128,64,16] [256,256,256,128, 128,64, 16]

Table 3: Task 20| 4] AF&3F 22+ Wl

Al 4 @ Task 3: Symmetric Physical System Prediction

F= g”:g ; (22)
e = 058 olgsision], ko] (10,10,2009 Al YA} LFSE A% APHeigen, AT 1
dt = 0,015 Fo] ABo] AL AP} 7] Ao} £E L FEYTERAN Z2otgon, Lri
Hat-g AAste] AA| Ao BA 250l AR %= HlelHE o853t 2k 5000 steps<t A7)}
AL, vl 10 steprttt AElE #1735t @A AH 29k 10 step o] %2 FH} 244108 SHHE] ok o=

Agstant

Model and Hyperparameters

Vanilla MLP+= fully connected -2E& ©|-85}3 1, @A S} -2 = ReLUE AF&5}St} Shared MLP
= G4 AAIRE Sz0f HiRE equivariant linear layerE ©]-§5to] /45t o, GA| B3} 42 RelLU
2 Agatect

71 9]9] Epoch= Ztf] 4000 2 SH5A|Z O U, patience”} 2091 Early stopping2 $H74| AH&5}StH

Controlled Variation

Task 304 Hlolel 27]9} B 3715 #MstAZIet Hlo]El Z7]E 1000, 5000, 20000, 400002 Y]
Z7AoR FQlAl, ZF ZAA 8 : 2 H|-&E training data®} validation datas 2S5t ch Tt 2d
A 7]% Table 49} Zro] Al 7}z]of Tl &steict.

sfolwutetnlE £5

Train data size 800 4000 16000 32000
Validation data size 200 1000 4000 8000
Test data size 24950 24950 24950 24950
Batch size 128 256 512 1024
24= 37 [12,48,48,12] [12,48,96,96,48,12] [12,96,192,48,12]

Table 4: Task 3of| A ARgSE Z2F H <l

13



Al 53 Results and Discussion

X

of| A= generalization performance, symmetry preservation, sample efficiency, parameter efficiency
vl WA BaE A2 2 taske] sl 4 figureE A|ASHAL, o]of A AA| A= AyE &
2sloet. 2 2 o £L 3 FA AT Lossoh symmetry erroris 284, accuracy

245, parameter S H25% o oA oz shastact

fr oX 1o rfm

Al 13 Results

Task 1: Permutation-Invariant Set Function

Task 19]| 4= A A training data sizeE 7|F 0 2 AIE thA] HA S5} Figure 4= train size2} block
Z=of w}2} vanilla MLP 2} shared MLP 9] test loss & symmetry errorZ} o] @A &2tz =% & HoFrt.

DeepSet: Test Loss vs Train Size

DeepSet: Symmetry Error vs Train Size

10 e : ° °

10 10,2 . ) - p @~ vanilla, n=1
5 ” shared, n=1
10' £ 10 ©®- vanilla, n=2
123 o
ﬁ > 10° —e— shared, n=2
- 0 @ @~ vanilla, n=5
1%} 10 -8 .
@ E 10 —e— shared, n=5
o ) 10" vanilla, n=10
L2 | to—— 4 —9 —&— shared, n=10
i 10 vanilla, n=20
10 10 shared, n=20
10° 10° 10* 10° 10° 10*
Training data size Training data size

Figure 4: Task 19] test loss & symmetry error H|1l. 7}2 %2 A4 training data sizeo|H, Z} 242
block &4 Z7-& YEHAT} Shared MLP= tfF2 2] X704 symmetry errorg 72| 022 FX|5}H,
block 47} F7Fe4=% vanilla MLP tiH] B g2l dvts} 452 Helnt.

Shared MLP= npjoac = 2,5, 10,202] A Z 79| A symmetry errorS 7 2] 00 2 -G53t ¥HH vanilla
MLP®] symmetry erroris block 47} 271842 w27 A Qs A% 94 block 47 58]
2 o shared 2] o H-2 28] AW 58] myoa, = 5, 10,2004 hEES] ZAGA shared
Bdo] ] & test lossE H T}

Figure 57} HoF50], shared MLP 2] utatn|g 4

= nE ZXANA 651712 A AL, vanilla MLP
L block £ wet 345700 A 122401 7)7FA] Z7}st<ict.

Nblock  Lrain size  Vanilla loss  Shared loss  Vanilla sym.  Shared sym. Vanilla param. Shared param.

1 40 0.022 0.198 0 0 345 651
1 80 0.136 4.768 0 0 345 651
1 400 0.014 0.016 0 0 345 651
1 800 0.020 0.005 0 0 345 651
1 4000 0.300 0.003 0 0 345 651
1 8000 0.042 0.011 0 0 345 651
2 40 6.708 7.084 5.16e-01 0 1297 651
2 80 0.925 0.591 3.20e-01 0 1297 651
2 400 0.093 0.175 2.81e-02 0 1297 651
2 800 0.092 0.073 6.27e-03 0 1297 651
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Nplock  Train size  Vanilla loss  Shared loss  Vanilla sym.  Shared sym. Vanilla param. Shared param.

2 4000 0.102 0.095 5.79e-02 0 1297 651
2 8000 0.109 0.048 1.21e-02 0 1297 651
5 40 6.277 0.569 4.33e+00 2.84e-12 7801 651
5 80 2.157 0.906 1.99e+00 1.32e-11 7801 651
5 400 2.668 0.803 1.02e4-00 6.07e-12 7801 651
5 800 1.116 1.082 6.40e-01 5.84e-12 7801 651
5 4000 0.619 0.115 2.49e-01 7.41e-12 7801 651
5 8000 0.400 0.202 3.06e-01 1.04e-11 7801 651
10 40 20.317 1.987 2.12e+01 7.37e-12 30801 651
10 80 34.558 9.483 1.38e+01 3.09e-12 30801 651
10 400 9.615 1.255 6.98e+00 1.21e-11 30801 651
10 800 6.196 1.415 4.91e+00 1.47e-11 30801 651
10 4000 4.919 0.661 3.31e+00 6.25e-12 30801 651
10 8000 4.732 0.650 2.12e+00 6.17e-12 30801 651
20 40 50.251 1029.625 2.93e+01 1.33e-15 122401 651
20 80 27.391 2.002 2.05e+-01 1.70e-11 122401 651
20 400 29.094 2.791 2.56e+01 1.93e-11 122401 651
20 800 23.660 2.581 2.17e+01 5.17e-11 122401 651
20 4000 15.272 0.944 1.19e+01 1.06e-11 122401 651
20 8000 14.120 0.819 9.61e+00 4.46e-11 122401 651

Table 5: Task 12] A Aok A3} ZHES XA A ¢ X2 loss, H @2 symmetry error, T Z-2 parameter
£ 3 BA.

Task 2: Graph Classification

Task 29]| 4]+= vanilla, vanilla + augmentation, shared, shared + augmentation®] 4] 2492 H| 15} t}.
Figure 6= hidden setting?} data sizeo]] T2 accuracy ¥HS}E H o] &},

A 7|0 8 HH shared 5= HF22] 270 A] vanilla 2 E T A5 E5] augmentation
o] gl 2 vl oA shared RE-2 RE hidden setting} data sizeo]| 4] vanillaX2 t} =2 accuracy
E 7|559tt. Augmentation2 vanilla 22 7§45} 9L, exact equivarianceE A|-&ol= shared

725 93] AL Eahar.

Hidden setting Data size Model Loss Accuracy  Symmetry error
3 500 Share 0.632 0.660 3.34e-15
3 500 Share + Aug 0.557 0.720 4.35e-15
3 500 Vanilla 1.081 0.360 3.41e-01
3 500 Vanilla + Aug  0.693 0.440 6.67e-03
3 1500 Share 0.671 0.647 5.66e-15
3 1500 Share + Aug 0.648 0.640 5.75e-15
3 1500 Vanilla 2.123 0.560 9.56e4-00
3 1500 Vanilla + Aug 0.660 0.633 2.25e-02
3 4110 Share 0.604 0.659 9.27e-15
3 4110 Share + Aug 0.606 0.669 6.81e-15
3 4110 Vanilla 3.549 0.523 1.96e+-01
3 4110 Vanilla + Aug 0.612 0.664 2.81e-02
5 500 Share 0.671 0.580 9.48e-16
5 500 Share + Aug 0.690 0.540 1.94e-15
5 500 Vanilla 2.550 0.440 1.89e+4-01

15



Hidden setting Data size Model Loss Accuracy  Symmetry error

5 500 Vanilla + Aug  0.686 0.460 2.14e-03
5 1500 Share 0.636 0.613 2.31e-15
5 1500 Share + Aug 0.645 0.620 1.31e-15
5 1500 Vanilla 6.077 0.527 3.67e+401
5 1500 Vanilla + Aug  0.662 0.560 3.08e-02
5 4110 Share 0.604 0.633 3.86e-15
5 4110 Share + Aug  0.593 0.664 4.31e-15
5 4110 Vanilla 9.236 0.521 1.61e+02
5 4110 Vanilla + Aug  0.624 0.613 5.29e-02
7 500 Share 0.628 0.680 1.12e-15
7 500 Share + Aug 0.714 0.400 4.73e-16
7 500 Vanilla 5.401 0.340 2.54e+4-01
7 500 Vanilla + Aug  0.725 0.460 2.19e-02
7 1500 Share 0.666 0.567 1.13e-15
7 1500 Share + Aug 0.657 0.660 1.93e-15
7 1500 Vanilla 10.659 0.520 1.35e+4-02
7 1500 Vanilla + Aug  0.748 0.547 7.86e-02
7 4110 Share 0.614 0.662 3.01e-15
7 4110 Share + Aug  0.607 0.655 3.75e-15
7 4110 Vanilla 8.615 0.538 1.83e+4-02
7 4110 Vanilla + Aug  0.625 0.637 4.18e-02

Table 6; Task 25T 7] 3 2. Z2 hidden settimgaF data sized] ] o T2 Toss, B & accuracy.
g 232 symmetry errors #7 EA| ST

Task 3: Symmetric Physical System Prediction

Task 3o 4= 0|8 27], B9l 27], augmentation 2-§ o 75 o7 H2tA[7]H Y] S H| W SF3IT
Figure 8= small, medium, large®] Z} 2.&l 3 7]o]| 4] data sizeo]] TFE test loss®} symmetry error H1sH=
HoF11, Figure 92 Zt familyol| A 7P F2 test lossE 7] =5H & 2 E 9] rollout oA & Hol&Tt.
AgHogl »nt ud 37]9} data size X710 4] vanilla AlGo] B W& test lossE 7| =519t} HHH
shared A|9L R E Z 7oA symmetry errorE 10712 £F 0 2 §2]519) 21, small, medium, large &
Aol A 242} 1992, 7528, 16552711 9] shemlERto = FAdt A2 eHgA o= HESHI. 7MY W
A test loss= large vanilla 2@ 9] data size 40000 Z7AoJ|A4] 0.0329111, shared A H 2] %A test loss
L large shared 4+ augmentation &9 T2 Z 7oA 0.0530]%]/t}.

Model size  Data size Model Test loss  Symmetry error  Parameters
Small 1000 Share 0.823 7.02e-13 1992
Small 1000 Share + Aug 0.880 6.64e-13 1992
Small 1000 Vanilla 0.783 2.705 3564
Small 1000 Vanilla 4+ Aug 0.734 0.182 3564
Small 5000 Share 0.615 9.23e-13 1992
Small 5000 Share + Aug 0.618 9.24e-13 1992
Small 5000 Vanilla 0.408 2.673 3564
Small 5000 Vanilla + Aug 0.648 0.073 3564
Small 20000 Share 0.387 1.60e-12 1992
Small 20000 Share + Aug 0.447 1.61e-12 1992
Small 20000 Vanilla 0.158 2.262 3564
Small 20000 Vanilla + Aug 0.369 0.108 3564
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Model size  Data size Model Test loss  Symmetry error  Parameters

Small 40000 Share 0.307 2.93e-12 1992

Small 40000 Share + Aug 0.313 2.72e-12 1992

Small 40000 Vanilla 0.092 1.366 3564

Small 40000 Vanilla 4+ Aug 0.288 0.130 3564

Medium 1000 Share 0.901 2.78e-12 7528

Medium 1000 Share + Aug 0.907 2.24e-12 7528

Medium 1000 Vanilla 0.811 2.586 19884
Medium 1000 Vanilla + Aug 0.752 0.219 19884
Medium 5000 Share 0.646 2.27e-12 7528

Medium 5000 Share + Aug 0.676 2.47e-12 7528
Medium 5000 Vanilla 0.244 3.236 19884
Medium 5000 Vanilla + Aug 0.513 0.166 19884
Medium 20000 Share 0.236 3.45e-12 7528
Medium 20000 Share + Aug 0.272 4.46e-12 7528
Medium 20000 Vanilla 0.083 2.691 19884
Medium 20000 Vanilla + Aug 0.281 0.180 19884
Medium 40000 Share 0.132 5.28e-12 7528
Medium 40000 Share + Aug 0.154 4.78e-12 7528
Medium 40000 Vanilla 0.084 2.559 19884
Medium 40000 Vanilla + Aug 0.193 0.177 19884
Large 1000 Share 0.801 2.16e-12 16552
Large 1000 Share + Aug 0.808 2.18e-12 16552
Large 1000 Vanilla 0.753 2.147 29724
Large 1000 Vanilla + Aug 0.747 0.137 29724
Large 5000 Share 0.566 2.01le-12 16552
Large 5000 Share + Aug 0.551 2.10e-12 16552
Large 5000 Vanilla 0.141 2.602 29724
Large 5000 Vanilla + Aug 0.405 0.209 29724
Large 20000 Share 0.228 3.23e-12 16552
Large 20000 Share + Aug 0.194 2.79e-12 16552
Large 20000 Vanilla 0.049 1.688 29724
Large 20000 Vanilla + Aug 0.157 0.127 29724
Large 40000 Share 0.058 3.29e-12 16552
Large 40000 Share + Aug 0.053 3.49e-12 16552
Large 40000 Vanilla 0.032 1.435 29724
Large 40000 Vanilla + Aug 0.092 0.110 29724

Table 7: Task 39| HA| A= Ayt &2 el 37]2t data size A o W2 loss, B -2 symmetry
error, T -2 parameterS #A A5}

2 A Discussion

& Ao Me Ad AANA AAIGE Al 714 A+ Aol &A=z gt

2

Q1. Parameter sharing-2 ¥4ls} A5 kA 7] o5=7}7?

Task 13} Task 29] A¥t= o] AFe| FAA o2 Gt} Task 1914 symmetry”Z} &4 F2] AAE
O]F= X7, = nplock > 50173l A shared B2 A9 = Hlo|g I7] 2704 vanillaE o W2 test
lossE 7]E5kiet. 53] 6517119] ot H ‘?_}—‘Zi Z| | 1224017 9] n}2tu] & A8t vanilla tiH]
L2 Lt} AdsS 2Ask it A2, o] a7t Paedt Bl §30] Afo|2 AR A fhaa HolETh
Task 29| A ®E hidden setting®} data size Z719]|A4] shared R 2 0] augmentation §l+= vanillaX T}
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DeepSet: Parameter Efficiency Frontier
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Task 3: Representative Rollout Comparison
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Abstract

An Empirical Study of Symmetry-Induced
Parameter Sharing as an Inductive Bias in
Neural Networks

Ju Hwan Kim

Seoul Science High School

This study empirically investigates whether parameter sharing based on task-inherent symmetry can
serve as an inductive bias in neural networks. Although standard Multi-Layer Perceptrons (MLPs)
are highly expressive, they are also prone to learning unnecessary dependencies on input order or
structure. To address this issue, prior work has typically relied on data augmentation or structurally
constrained architectures to improve generalization. In this work, we propose a method that restricts
the function space by enforcing weight sharing according to task symmetry, thereby inducing a struc-
tural inductive bias. To evaluate the effectiveness of this approach, we compare standard MLPs, data
augmentation-based methods, and symmetry-aware parameter-sharing models on three toy tasks, an-
alyzing their performance in terms of symmetric robustness, sample efficiency, parameter efficiency,
and generalization. Experimental results show that models with symmetry-based parameter sharing
achieve more stable performance and improved generalization, particularly in settings with limited
data and restricted model capacity. These findings suggest that parameter sharing is not merely a
model compression technique, but can also function as a structural inductive bias that promotes

generalization in neural networks.

Keywords : symmetry, parameter sharing, inductive bias, robustness, efficiency, neural networks
Student Number : 24031



Appendix 1 Proof: Basis of Wg

G7]’ 4= %Z_]' R} &€ %1_]' R™ ‘(I:qoﬂ/\i Z—]l—?'jl- 7_(]_@‘_- x4 pin : G = Spy pout + G — S22
28Rl 612F Equivariance 2718 W&ok 7F52] FE 9] S
We = {W € R™" | Wpin(9) = pous(9)W, Vg € G } (23)
2 elgth wak ALA A (5,)) € {1,...,m} x {1,...,n} 9| G-2H8-E
9-(4,5) = (pout(9)(®), pin(9)(5)) (24)
2 Aolstal, o] 289 9t orbit & {1,....,m} x{1,...,n} =01 U---UOpE E7|Stc}. Z} orbit
O°] thsf basis BYE-&
Y Ey,  l=1,...k (25)
(ivj)eol
= ottt A7A By (4,5) SIAEE 191 BF 713 Jdo|ot
Theorem 1 ((Ravanbakhsh, Schneider, and Poczos 2017)). WgE=R™*"9] 4§ BEZ7to]H, {By,

= Wl 71AE ol whehA] Ao W e Wee

k
W=> wB, weR (26)
=1
o o] 01_71] J_L—JL_ & 1—4.
Proof. (A3 F&FZF) Equivariance 2712 Wof tis] AFo|BR, Were RAAY Azt Hof &5
0]1:]_
(Orbit W gt F/F) W € W9l (i,5) 94E HlusHd, 2|2k FE o] Jd o o]
[me( )] =W, ,rin(9)"1() [pout(g)W]i] = Woous(9)1(3), § (27)
olt}. o] Eo] Zolof R g5 g tog 2]g5tH
Wi pn(@)) = Woowlo)@).50 V9 € G, Vi, j. (28)
= (i,7)9t g- (3, §)ONA1S] W o] Zom g ZEO orbit O) Qte] BE QlEl A A0 E oI5} kw2 717 T},

(Spanning) W;; = w; (V(4,7) € O))°|BE2 W = lel w; B;o]t}.

(AR =9) X1, B = 002 k7). OrbitSo] Agaolng, ¢1ole] (4, 5) € Oy
c = 00|t} lo] YoJHolB=E ¢ =0 (VI).

wabA {Bi, ..., Byl Weol 71401, dim(Wg) = kolth. O
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Appendix 2 Task 1: S,-Equivariant Layer §%

S h=(h,....hy) € RY)"CZ T3, 7 € 5,9 ZEE p(m)h = (ha-1(1), - s ha-1(n)) 22 9]
toh A9 #lolo] L : (R — (RS (L(h)); = > Wihj, Wij € RIxdz A equivariance 271
o p(m) = plm) 0 LL:

& o o

Wriyx) = Wij, V7 € S, Vi, j (29)

E QR =, Wi AE A A (4, 5) 9] Sp-orbit 9]0l A AF4=ofof gttt (Ravanbakhsh, Schneider, and
Poczos 2017).

Spe {1,...,n}? §99] QlelA B-& A5 T orbit 02 B2 Ogiag = {(i,1) 12} Oor = {(i,5) | i #
. e

Wij = A, B € R4 (30)
i F ]
o] Sp-equivariant linear layer?] st Fefo|r, tfUstA
(L(h))i = Ah; + BY _ h; (31)
J#i

W= Ahi + BY hj+b, i=1,...,n. (32)
i

Equivariance 25 h = p(m)hl Wl hi = hyp1()01 3L, 32,45 ha(jy = 2 jsn-10s) hj O B2
(L(R))i = Ahzaiiy + BY by + b= (L(h)) w1y = (p(m) L(R))i. O (33)

JFi

Invariancet= 0}2] g} equivariant hidden representation©] permutation-invariant aggregation y = 2 3=, b/
2 A-g3sto g2 A=t} (Zaheer et al. 2017).
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Appendix 3 Task 2: Permutation-Equivariant Graph Layer
i

o1H3PH A € RV} node feature X € R™4nZ ¢lg] o g Hhol YV ¢ R™*du S Z8l5}= graph layer

£ 123ttt Node relabeling P € S, 2] ZH8-2 (A, X) +— (PAPT, PX)o|H, equivariance 2712

g(PAPT PX)=Pg(A, X), VYPeS,. (34)

717 dubA Rl A9 graph layer=
Y, = Zszk A X, (35)
j?k
2 & 4= Slth. o] & equivariance 710 tQotH, iy 7t FHEoljof oh= 2742
Tr(iyn(j) n(k) = Tijk, VT € Sy (36)
olty. &, Tiji+ index triple (4,7, k)] Sy-orbit ]ofA] AF4=ofof gt} (Ravanbakhsh, Schneider, and
Poczos 2017).

Al 1dl A 9] equality patterno] 2J§t orbit EH-= Bell number Bs = 57]o|t}:

Or:i=j=k, Os:i=j#k, Osz:i=k+#j, O4:j=k#1i, Os:1,j k pairwise distinct.

(37)
Z} orbito]] -2-5l= basis operators A SHH
By =diag(A) © X (38)
By = AX — By (39)
Bs = (deg(A) — diag(4)) ® X (40)
By = (3 A5%,)1) - By (41)
J

Bs = (Z(AX)i) 17 — B, — By — B; — By (42)

1
0|31, ¢19]9] permutation-equivariant linear graph layer+= 0]59] AdZA%to 72 GASHA A=}
5
Y =Y Wi(Bo)+b, W€ Rbmrdont, (43)

(=1

Equivariance A2 Z} ByL index triple] equality pattern © 29t AJojx| 2 g B, (PAP", PX) = PBy(A, X)
o] AYgtct. Wy feature dimensiono]| Tt 2H8-5}0] permutation¥} w2622

Y(PAPT,PX) =Y WyPB)+b=P (Z Wi(By) + b) = PY(A,X). O (44)
l 1
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0]% permutation-invariant graph pooling2 %]-835}¢] graph-level representation& A+=rt}.

Appendix 4 Task 3: Sy-Equivariant Layer -§&

Al Ate] hidden state® h = (b1, ho, hs) € (RYPO.2 F2}. 3 Ao} = AR 47k SAF AL
B, RAZEE 5 = {e.gholel AU 9o G-

g - (h1,ha, h3) = (ha, h1, h3) (45)

o7 Aot Ad golo] L(h) = Wh+ bE 3 x 3 block matrix® A, O] Zg-2

0]11, equivariance &7 Lp(g) = p(g9) L2 FH-Z Z7lolH
My = M, Mg = Mo, Mg = Mas, Mz = Mg (47)

S 879t (Mszofl= Ak §l=). A := My, B := Myp, C := M3, D := M3, E := M3 02 T,
A H=

o1t &

oflt

Sy-equivariant affine layer2] -5

A B C bsym
W=1|B A C|h+ |bym (48)
D D E bs
olth. Bias §F HA| p(9)b = bE WrFalof S22 A F block2 YUt byyme 52T

Equivariance A< L(g-h)2] Z} block& AAH5HH

Block 1: Ahy 4+ Bhi + Ch3 + bsym,
BlOCk 2: Bh2 + Ahl + Ch3 + bsyIIh
Block 3: Dho 4+ Dhy + Ehg + bs.
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e

H g- L(h)x L(h)<] Block 13} 25 w3lstnz

Block 1: Bhy + Ahg + Chs + bsym,
BlOCk 2: Ahl + Bh2 + Ch,?, + bsyﬂ’la
Block 3: Dhy 4+ Dhy + Ehs + bs.

= o] ARHR AXSER L(g-h) =g- L(h)7} At O O

Pointwise nonlinearity o= o (p(g)z) = p(g)o(2)S WEZSHE R, activationS E S hidden layer b =
o(Wh™ +b) 9A] Se-equivariantstt} (Ravanbakhsh, Schneider, and Poczos 2017).

28



